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FRANCIS J. CHUNG 

Abstract. This article shows that knowledge of the Dirichlet-Neumann (DN) 
map on certain subsets of the boundary for functions supported roughly on 
the rest of the boundary uniquely determines a magnetic Schrodinger operator. 
^ With some geometric conditions on the domain, either the subset on which the 

DN map is measured or the subset on which the input functions have support 
may be made arbitrarily small. This is a response to a question posed in 
[DKSU]. The method involves modifying the Carleman estimate in that paper 
^v^J by conjugation with certain pseudodifferential-like operators. 

1. Introduction 

Let n > 2, and let be a simply-connected bounded domain in with 
smooth boundary. If W is a C 2 vector field on and q is an L°° function on 

R" +1 , then let Cw,q denote the magnetic Schrodinger operator 

C w , q = (D + Wf + q, 

where D = — iV. I will assume that q and W are such that zero is not an eigenvalue 
of Cw, q on 0. Then the Dirichlet problem 

Cw qU = 

\Q u\ a n = g 

( has a unique solution u € H 1 ^) for each g e H^(dQ). Therefore for g e H^(dfl) 

t-H we can define the Dirichlet-Neumann map Aw, q by 

A-w, q 9 = (du +iW- v)u\dn, 

where v is the outward unit normal, and u is the unique solution to the Dirichlet 
problem with boundary value g. This gives a well-defined map from H2(dSl) to 

The basic inverse problem associated to the magnetic Schrodinger operator Cw,q 
is to recover dW and q from knowledge of A\y, q - (Here W is identified with the 
I-form W\dx\ + . . . + W n+ idx n+ i.) Note that we cannot hope to recover W itself 
since the Dirichlet-Neumann map is invariant under the gauge transformation W i->- 
W + whenever ^ e C 1 (fi) and *|an = 0. However, identifying dW identifies 
W up to this gauge transformation. 

In [Su], Sun first showed that full knowledge of the Dirichlet-Neumann map 
determines dW and q when W is small enough, in a certain sense. In [NSuU], 
Nakamura, Sun, and Uhlmann removed the smallness assumption, and showed 
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that full knowledge of the Dirichlet-Neumann map determines dW and q for C 2 
W and L°° q. Tolmasky [To] and Salo [Sal] improved the regularity conditions on 
W to C 2 / 3+e and Dini continuous, respectively. Salo also gave in [Sa2] a proof for 
W £ C 1+e involving a reconstruction method. 

In [DKSU], Dos Santos Ferreira, Kenig, Sjostrand, and Uhlmann proved a partial 
data result for this operator. Assume that xq is not in the closure of the convex 
hull of it. Define the front and back of dit (with respect to xo) by 

Fq = {x£ dit\ (x - x ) ■ v{x) < 0} 
Bq = {x e dit\ {x - x ) ■ u(x) > 0}, 

where v(x) is the outward unit normal at x. Then Theorem 1.1 in [DKSU] says 
(with different notation) the following. 

Theorem [DKSU]. Let W\ and W 2 be C 2 vector fields on it, and let q\ and q 2 

be L°° functions on it. Suppose U is a neighbourhood of Fq such that 

A-Wi,qi9\u = ^W 2 ,q 2 9\u 

for all g e (dft). Then q± = q 2 and dWi = dW 2 . 

However, in the case that W = 0, [KSU] had already given a better partial data 
result, which says that we only need 

A-o, qi g\u = A-o,q 2 g\u 

for g £ H^(dfl) with support in a neighbourhood of Bq, to conclude that q\ = q 2 . 

This paper will show that this sort of partial data result also holds for the 
magnetic Schrodingcr inverse problem. 

Define 

Z n = {x£ dVl\{x - .T ) • v{x) = 0}. 
The main results of this work are the following two theorems. 

Theorem 1.1. Let W\ and W 2 be C 2 vector fields on ft, and let q\ and q 2 be 
L°° functions on it. Let U C dVi be a neighbourhood of Fq, and let E C dfi be a 
compact subset of Fq \ Zq . Suppose 

&W 1 ,q i g\u = Avi/ 2 ,g 2 ff|(7 

for all g £ Lji (dit) with support contained in dit \ E. 
Then qi = q 2 , and dW\ = dW 2 . 

Theorem 1.2. Let W\ and W 2 be C 2 vector fields on ft, and let q\ and q 2 be 
L°° functions on ft. Let U C dfi be a neighbourhood of Bq, and let E C dfl be a 
compact subset of Bq \ Zq . Suppose 

kw 1 ,q i g\u = ^W 2 ,q 2 g\u 

for all g £ Hi (dit) with support contained in dfi \ E. 
Then qi = q 2 , and dW\ — dW 2 . 

The second theorem is essentially the first theorem after the conformal transfor- 
mation on it given by inversion in xq. 

Roughly speaking, the first theorem says that if the Dirichlet-Neumann map is 
known on a neighbourhood of the front for functions supported on a neighbour- 
hood of the back, then potentials can be determined. The second says that if the 
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Dirichlet-Neumann map is known on a neighbourhood of the back for functions 
supported on a neighbourhood of the front, then the potentials can be determined. 

If the domain is nice enough, then the front can be made arbitrarily small. 
For example, if fl is strongly convex (convex, and the intersection of the boundary 
with any tangent hyperplane to the boundary consists only of one point), then the 
front can be contained in any non-empty open subset of the boundary. This gives 
us the following corollary. 

Corollary 1.3. Suppose Q, is a smooth bounded strongly convex domain in K n+1 . 
Let W\ and W 2 be C 2 vector fields on fl, and let q\ and q 2 be L°° functions on 
Q. Then for any non-empty open subset U of the boundary, there exists compact 
E C U such that if 

^W 1 ,q i g\u = ^W 2 ,q 2 9\u 

for all g G H^(dn) with support contained in d£l \ E, then q\ — q 2 , and dW\ = 
dW 2 . 

Alternatively, for any compact proper subset E of the boundary, there exists 
U C dQ with E C U such that if 

^w 1 , qi g\u = ^w 2 ,q 2 g\u 

for all g G H^(dn) with support contained in dil \ E, then qi — q 2 , and dW\ = 
dW 2 . 



The first part of the corollary says that in particular, the Dirichlet-Neumann 
map can be measured on an arbitrarily small subset of the boundary. The second 
part of the corollary says that alternatively, the input functions may be restricted 
to an arbitrarily small subset of the boundary. 

Theorem |1.2| can either be proved from Theorem |1.1| by the change of vari- 
ables mentioned above, or proved in the same manner as Theorem making 
the changes indicated at the end of section 6. Therefore most of this paper will 
be devoted to proving Theorem From here on, unless otherwise noted, I will 
assume U, E and f2 are as in Theorem 

The key to the proof of Theorem |1.1| is the construction of complex geometrical 
optics solutions to the system 



Cw a u — on £1 

< u > »| E =0. 

In [DKSU], these are constructed using a Carleman estimate for Cw,q an d a 
Hahn-Banach argument. However, the initial Carleman estimate proved in [DKSU] 
creates I? solutions. These turn out to be good enough in the case W — 0, but not 
when the magnetic potential is present. Modifications to the Carleman estimate to 
create H 1 solutions in that paper destroy information about the behaviour of the 
solutions on the boundary, which explains the difference between the [KSU] and 
[DKSU] results. Proving theorems and 1.2 will require more careful modifica- 



tion. The Carleman estimate proved here for Cw.q can be described as follows. 

Let ip be a limiting Carleman weight on O; that is, a real-valued smooth function 
which has nonvanishing gradient on f2 and satisfies 

(<p"v<p,v<p) + (<p"z,t) =0 
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whenever |£| = |Vy>| and • £ = 0. Define 

£"P,w,q = h e h Cw, q e h 
Here h is a semiclassical parameter; henceforth all Sobolev spaces and Fourier 
transforms in this note are semiclassical, unless otherwise specified, with h being 
the semiclassical parameter. For the rest of this paper, I will fix ip to be the 
logarithmic weight <p(x) = log \x — xq\ unless otherwise stated. 
I want to prove the following Carleman estimate. 

Theorem 1.4. There exists a smooth domain CI' with CI C CI' , and E C dCl' , such 
that if we C^(Cl), 

h\\w\\L 2 (U) ^ \\£ V ,W,qW\\ H -i (n ,y 

Theorem |1.4| will be proved over the next five sections. In section 7, I will use 



this estimate to construct solutions to (1.1 ). Once these are constructed, the proof 



of Theorem 1 follows by more or less the identical argument as in [DKSU]. That 
argument is presented in section 8 for completeness. 

Acknowledgements. This research was partially supported by a Doctoral Post- 
graduate Scholarship from the Natural Science and Engineering Research Council 
of Canada. The author would also like to thank Carlos Kenig for his guidance, 
support, and patience. 

2. An Initial Carleman Estimate 

I want to begin by considering a special version of Theorem |1.4[ where the set 
E coincides with a graph. Without loss of generality, I will assume Xq = 0. We can 
equip R n+1 with spherical coordinates (r, 8), with r € [0, oo) and 8 £ S n . 

Define 

2 2 

£ip,s,W,q = e 2e £ v ,W,q£ 2e 

Proposition 2.1. Suppose that f : S n — » (0, oo) is a C°° function such that CI 
lies entirely in the region Aq = {(r, 8)\r > /(#)} C K™ +1 , and E is a subset of the 
graph r = f{8). (See the diagram below.) If w G CQ°(fi), then 

^jlHU 2 (Q) < \\£"P,e,W,qW\\ H -l{Ao)- 




r = m 



In addition to C v y? >q , define 



£-ip,e,W,q = e 2e C-^>,W,qG 



and £ Vj£ = e 2e L v e 
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We will need to do some work with a set which is slightly larger than f2, but still 
bounded. Let il 2 C Aq be a smooth bounded domain which contains f2, such that 
E C dVL 2l as indicated in the diagram. Since lies outside the closure of the convex 
hull of f2, I can pick il 2 so stays outside of the closure of the convex hull of il 2 . 




We have the following Carleman estimate from [DKSU]. 
Lemma 2.2. If w e C^(Q 2 ), then 

-^=\\w\\m(n 2 ) < \\£ v ,M\L2(n 2 )- 

A note on inequalities here: inequalities of the form F(w, h) < G(w, h) mean 
that there exists ho > independent of w, such that for h < ho, the inequality 
F(w, h) < CG(w, h) holds for some positive constant C independent of w and h. 



In the case of Lemma 2.2 the constant implied in the < sign is independent of e 
as well. 

I can make a change of variables using the map (r,6) > (yray,0). This is a 
diffeomorphism from Ao to R n+1 \ B, where B is the open ball of radius 1 centred 
at the origin, with inverse (r, 9) H> (rf(6),8). Let f2 and Cl 2 be the images of 
and Q2, respectively, under this map. This diffeomorphism maps E to a part of the 
unit sphere S n . Note that since is outside of the closure of the convex hull of 0,2, 
it is also outside of the closure of the convex hull of Cl 2 ■ 

Lemma 2.3. For w e C5°(0 2 ), 

(2- 1 ) ^7|IMI/fi(n 2 ) ^ \\£<fM\mn 2 ) 

where 

c v , e - (l + ivs-iogj^)^)^ 2 

--(a + (V S n log /(^)) hV s «)hd r + \(a 2 + h 2 A s ,) 



and a = 1 + ^log(r/(0)). Here V s n is the gradient operator on the unit sphere; 
I • \gn and -511 indicate the use of the Riemannian metric on S n , and l\s n is the 
Laplace- Beltrami operator on the unit sphere S n . 

Proof. Let weC °°(O 2 ), and let 



w(r,6)=w(rf(9),0). 
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Then w £ C^f^)- Now by a change of variables, 



H\mn 2 ) = J J \w(rf(9) 1 9)\ 2 r n drd9 



s n Jo 



\w(r,e)\ 2 r n (f(6))- n - 1 drd9 
\w(r,9)\ 2 r n drd9. 



S™ JO 



Therefore 

( 2 - 2 ) NliJ(n a ) - lklU a (n 3 )- 

The constants implied in the ~ sign depend on f(0). In addition, 

= INI^ ( n 2 ) + W hd rwf LH n 2 ) + 11^**11^(0.)' 

where V* is the orthogonal projection of V onto the plane orthogonal to the radial 
direction. Note that 

hd r w = hf(9)d r w, 

and 

hVtw — hVtW + hd r wVt- 



nor 

so 



(2-3) \H\m(h 2 ) < IIHIff 1 ^)- 

Since w(r,0) = w(j^,9), the same argument shows that ||w|li/i(n 2 ) ^ H^llff 1 ^)) 
and therefore that 

W^Wrnin,) - \\w\\h^q 2 )- 
where the constants implied in the ~ sign again depend on /. 

Now £ Vte w £ L 2 (n 2 ), so using the reasoning in (2.2) gives us tha t £ VjE w £ 



Therefore, by Lemma 



L 2 {il 2 ), and \\C v ^w\\ L 2 (n2) ~ \\C^ E w\\^(a 2 ) 
Now a calculation shows that 



2.2 



C 



= h 2 d 2 r - r- 1 2 - hn + 2- log r) hd, 



h 2 h 2 h 
+r 1 ( 1 + h - hn + — ((logr) 2 - e) H logr + (2 - hn)- log r + h 2 A t 



and then that 



= / 2 {9)C ip ^w — hEw 



where E is a first order semiclassical differential operator with coefficients which 
have bounds independent of h and e. Therefore 
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For small enough e, the last term on the right side can be absorbed into the left 
side. Also, |/~ 2 | is bounded above, so 



h 



for all w € Cg^f^)- Now any w £ Cq d (Ci 2 ) c an be written as v for some v S 
C$°(n 2 ) just by taking v(r, 0) = w(jfa,9). 
This finishes the proof. 

□ 

For the next step, we need to hx coordinates on W l+1 \ B. Since lies entirely 
on one side of a hyperplane through the origin, we can choose Cartesian coordinates 
x-y, . . . , x n +\ so that Ct 2 lies entirely in the intersection of M™ +1 \_B with the halfspace 
x n+ i > 0. We have a map a : W l+1 \Bfl {x n+ i > 0} [1, oo) x (0, 7r) x . . . x (0, tt) 

by 

<r(xi, . . . , x n+ i) = (r, 0i,..., 9 n ) 

where 



Xl 

x 2 



r cos 6>i 

r sin 6*i cos 62 



x n = r sin 0i . . . smW„_i cosf„ 
= r sin 0i . . . sin#„. 

This fixes a set of spherical coordinates on M n+1 \ B fl {x n+ i > 0}. Note that 

this map <r is a diffeomorphism between the two open sets. Since is compactly 
contained in M. n+1 \ B n {a;„+i > 0} this diffeomorphism has bounded derivatives 
on £^2 ■ 

We will make another change of variables to the Carleman estimate in Lemma 



2.3 to get a estimate for functions supported in ^(f^). For this we need some 
notation for expressing differential operators on W l+1 \B<~) {x n+ i > 0} in spherical 
coordinates. On the portion of the unit sphere S n in K n+1 which lies in the region 
{x n+ i > 0}, we can express the Ricmannian metric in these coordinates. Then the 
metric takes the form 



/ 1 

(sin 6»i ) 2 
\0 ... 






(sin 6*i .. . sin ( 



i) 2 / 



In these coordinates the metric has no dependence on 8 n . Note that in the region 
near 9± = .. . = n —\ = §, the metric is nearly the Euclidean metric. In particular, 
if A511 is the Laplace-Beltrami operator on the sphere, then h 2 As^, which has 
coordinate expression 



h 2 d'i 



sin 2 0i 



h 2 



(sin( 



hE 



8 



CHUNG 



on this domain, for some first order semiclassical differential operator E, will differ 
from h 2 Ag = h 2 d 2 i +. . . + h 2 d 2 n by a second order semiclassical differential operator 
with small coefficients. 

Functions in g G Cg^f^) can be pushed forward to functions in Cfi°(<j(ti2)) 
by taking g(a~ 1 (r, 6\, . . . , 9 n )). ft will be helpful to think of these pushed forward 
functions as functions on IR"^ 1 = {(r, 9)\9 e M. n ,r > 1}. Now we can state the 
following corollary. 

Corollary 2.4. Let a = 1 + 'j log(r /(#)), f3 f be a vector field on R"^ 1 which agrees 
with the coordinate expression o/Vs»> log/(#) on a(tl 2 ), 7/ be a function on M™^ 1 
which agrees with the coordinate expression of \\7s n log/(#)|s™ on (j{Q,2), and L5™ 
be a second order differential operator of M™^ which agrees with the coordinate 
expression of the Laplacian on the sphere on (7(^2) • 
Let 

£ V ,e,, = (i + h f \ 2 )h 2 d 2 

-- r (a + f3 f ■ hV e ) hd r + ^(a 2 + h 2 L s ~). 
Then for all w e Cg°(cr(0 2 )), 

( 2 - 4 ) ^IHIff 1 ^^)) < \\£v^,° W \\L 2 (a(h 2 )) 

The proof follows from the same kind of argument made above. 

The expression for C v ^^ a is somewhat messy because of its dependence on 9. 
Therefore I want to first work with a version where the functions of 9 that appear 
in £ V;£l a are nearly constant in some sense. Let e„ denote the vector field on 
S n n {x n+ i > 0} given in coordinates by (0, . . . , 0, f ). 

Proposition 2.5. Fix K > 0, and let [i > 0. Suppose that for all 9 such that some 
(r,9) G the following conditions hold: 

I sin#j — 1| < n where j = 1, . . . , n — 1 

and 

\Vs^ogf-Ke n \ s ~ <M- 
If [i is small enough, then for all w € C§°a(tl), 

Note that the hypotheses imply that on o-(& 2 ), 

\0 f -(O,...,O,K)\<C li , 
17/ -K\< C M , 

and if 

h 2 L sn = ai h 2 dl + ... + a n h 2 d 2 n + hh 2 d 01 + ... + b n h 2 d 9n 

then 

\ aj - 1| < C„ 

for some constant which goes to zero if \i goes to zero. C M may depend on K, 
but we are treating K as fixed, so this will be ok. 
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We may as well assume that /3/, 7/, and the coefficients of Ls« are extended to 
the rest of K™^ 1 in such a way that these conditions continue to hold. 

To prove this proposition, I want to divide w into small and large frequency parts, 
and prove the estimate for each part separately. Recall that K™^ 1 = {(r, 9)\0 £ 
R n ,r > 1}. Let S^™* 1 ) be the restrictions to M™^ 1 of Schwartz functions on 
E" +1 . Note that functions in Cg°(o-(f2 2 )) are in 

Let 7"i and r 2 be such that 

\K\ 2 1 \K\ 2 

< ri < r 2 < - + ' l—^ < 1, 



l + \K\ 2 1 z " 2 2(1 + \K\ : 

and let 81 and 82 be such that 82 > <5i > 0. Let p E C^°(E™) be a cutoff function 
such that p(0 = if |£| 2 > r 2 or |£„| > £ 2 , and = 1 if |£| 2 < r x or |f n | < ft. 

Let the hat * indicate the (semiclassical) Fourier transform in the 6 variables 
only. (In general, Fourier transforms here will be in the 8 variables only unless 
otherwise indicated.) For w £ Cfi°(a(£l)), define w s and we by w s — p(£)w and 
wg — (1 — p(£,))w, so w = w s + wg. 

Lemma 2.6. There exists p > and choices of ri,r 2 ,#i, and 82 such that if the 
hypotheses of Proposition \2.5\ hold, then 



" w s\\ L 2(W?+ 1 ) ~ ll^^,e,<r w sll J F/-i(R^ + 1 ) + h \\ w \\L*(cr(a))> 



for all w £ C^f(a(fl)), where w s is defined as above 



Lemma 2.7. There exists p > such that if the hypotheses of Proposition 2.5 
hold, then 

^11^1^2(^ + 1) < \\£ v ,, e ,a'W e \\ H - liK n+i ) +h\\w\\ L2{t7{h)) , 

for all w £ C§°(a(fl)), where we is defined as above. 

Taken together, these two lemmas imply Proposition |2.5| To see why, first we 
need a lemma. 

Lemma 2.8. If A is a pseudodifferential operator of order m > on W 1 , it can be 
applied to Schwartz functions on K n+1 , by taking Af(x\, . . . , x n +i) for each fixed 
x n+ i. Then as an operator defined for functions on M. n+1 it extends to an operator 
from H k+m (R n+1 ) to H k (W l+1 ), 

\\Af\\ H k (R™+ 1 ) < ll/llff fc + m (R"+ 1 ) 

Proof. I will give a proof for the case where k is a non-negative integer. Lot 
(x, y); x £ M. n , y EM. denote the coordinates on Then if / is Schwartz, 

H4fll!r*CR»+i) = E \\h ]a]+J d^ y Afr 



L 3 (R™+1) 
0<\a\+j<k 



Now 



h\ a \ +j dZdiAf\\* +1) = / / \hW + S92d!Af\ 2 dxdv 
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Here A and d y commute, so 

||/> |a|+J '^A/||| 2(R „ +1) = T I \h^d:A(Vdlf)\ 2 dxdy 

J -oo JR n 

/oo 
\\A(h^ y f)f HM(un) dy. 
-oo 

Therefore, by the boundcdness of A, 

/oo 
\\(h j dif)f Hlal+m{Rn) dy. 
-oo 

Since \a\ + m > 0, 

\\h\^d^ y Af\\i HMn+1) < \\(h^dif)\\ 2 H]ai+m{mn+iy 

Therefore 

\\h^d^d y Af\\ 2 LHRn+1) < ||/|| 2 H|Q|+J+m(R „ +1) 

2 

H fc + m (R"+ 1 )' 



< ll/ll 2 



< ll/ll 

□ 

Note that this still holds if A depends on y, as long as A has bounds uniform in 



Proof of Proposition 2.5 Adding together the estimates from Lemma 2.6 and Lemma 
2.7| gives 

h 



^(IKIIi^R"! 1 ) + II^IIl^r^ 1 )) 



~ \\£ip,e,aW s \\ H -i( R »+i) + ||£ V: e, ( T^|! H -i ( - R r 1 +i) + ^IM!L 2 0(n)) 



Since w s + W£ = w, 
h „ 



For small enough e, we can absorb the last term into the left side to give 
h 



:IMIl 2 (<7(S1)) ~ IIA^,o u; s|Ih-1(r»+ 1 ) + ll^¥',e,o^llff-i(R»+ 1 )- 

Since (l + |7y| 2 )>l + K 2 — C M , for fj, small enough, we have 



^=IMl£»(a(fi)) £ IKi + lT/H ^V^^^IIff-iCR^^ + IKi + lT/l 2 ) ^.E.a^Hff-i^+i)- 

Now u; s = Fw, where P is the semiclassical pseudodifferential operator of order 
on K™ with symbol p((,)- P commutes with d r . Therefore there are some operators 
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Ei and Eq which for each fixed r £ [1, oo) are semiclassical pseudodifferential 
operators of order 1 and respectively, on W 1 such that 

||(1 + \jf\ 2 )- 1 C lp , SttT w s \\ H _ 1{ ^+i ) = ||(1 + \'y f \ 2 )- 1 C tp , e ,aPw\\ H -i { ^i+i ) 
^ + hf?)~ 1 £v,e,<Tw\\ H -iQ»+->-) + h\\E hd r + ^HIk-i^I 1 ) 

There is no hE-ih 2 d 2 in the error term because the coefficient of h 2 d 2 in (1 + 
|7/| 2 ) _1 A>,e,<t is just 1. 

By the lemma above, E{ is bounded from iJ^IR"^ 1 ) to L 2 (M™+ 1 ), so by duality, 
E 1 is bounded from L^M™^ 1 ) to ff- 1 (M?+ 1 ). 

In addition, E* is bounded from i? 1 (K™+ 1 ) to H^E.^ 1 ). Moreover, E* a takes 
functions with trace on the boundary of M"^ 1 to other functions with trace on 
the boundary of so by duality, E is bounded from to iJ- 1 (M' 1 l + 1 ). 

These bounds must be uniform in r for the range of r allowed on the support of w. 
Therefore 

ll(l + l7/| 2 ) _ %, e ,<7^ S || H -l (K n+l) < ||P(l+|7/| 2 )" 1 ^, E)CT W;|| H -l (H n+l ) +/l||w|| I/2(E n+l ) 

Now by the same lemma, P is bounded from to H 1 (M.^ 1 ). Moreover, if 

u has trace zero on the boundary of M"^ 1 , then so does Pu, so P is bounded from 
H^iK™^ 1 ) to (R™^ 1 ). Since p is real valued, P is also self adjoint, so by duality 
P is bounded from H~ 1 (M. r l+ 1 ) to ff-^R^ 1 ). Therefore 

||(l+|7/| 2 )~ 1 ^,<r«'.|lir-i(H»+ 1 ) < ll( 1 +l7/| 2 ) _1 ^, e ,<r^llj ? -i(K"+i)+/l|klll,2( E n+i)- 

and thus 

\\£<p^,<y w s\\ H -i(R1+ 1 ) ~ ll^v,e,o- w ll_H- 1 (R7+ 1 ) + ^11 W ll L 2 (R"^ 1 ) ' 

Similarly, 

\\£<p,e,<rm\\ff-i(n»+ 1 ) ^ ll^e^^llH-i^l 1 ) + ^11 HI L 2 (R^ 1 ) ' 

Therefore 

-^IIHL=(a(n)) < II^^^IIh-mk?! 1 ) + /i II w IIl 2 (r' 1 i + 1 )- 

Again the last term can be absorbed into the left side for small enough e, so 

^/|ll W lli 2 (cr(0)) ~ ll^¥',£,CT U; llii--l(R™ + 1 ) 

for each w £ C^°(a((l)) as desired. 

□ 

Therefore we need only deal with the proofs of Lemmas |2.6| and |2.7[ 

3. Small Frequency Operators 

I want to begin by describing some operators for use in proving the small fre- 
quency case. 

Consider the function F : M. n — > C given by 

W) = i 1 + iK Zn + Vimn - {Kinf + (1 + \K\*)\tf - \ K \*) . 
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where the square root is taken to mean the branch of the square root function with 
nonnegative imaginary part. If r 2 and S 2 are chosen small enough, then this is 
nearly continuous on the support of p. To be more precise, F is smooth except 
where 

r K (0 = 2iKd n (KC n ) 2 + (1 + \Kf)\e \K\ 2 
lies on the nonnegative real axis, where this branch of the square root has its branch 
cut. This occurs when £ n = and |£| 2 > 1 |^ 2 , and gives a jump discontinuity 
of size 2y/(l + \K\ 2 )\^\ 2 ~~ l-^l 2 - However, on the support of p, |£| 2 < r 2 , so for r 2 

\K\ 2 

close to ijprjrp the maximum possible size of the jump discontinuity is small. 
Therefore for any 5 > 0, we can pick a smooth function F a (£) such that 

\F a {Q-F{0\<5 

on the support of p, by choosing r 2 small enough. Note that the derivatives of F s 
may depend on n, r 2 , 5\, and 5 2 . Since the choice of these in turn depends on (5, 
the derivatives of F s are bounded by a quantity that depends on S. 

Now consider the necessary bounds on F s . On the support of p, the imaginary 
part of t k must lie in the interval [—2K5 2 ,2K5 2 ]. The real part of t k is given by 

-{Ki n f-\K\ 2 + {\ + \K\ 2 m 2 . 

We have that |£| 2 < r 2 on the support of p. We can choose r 2 so close to 1 ^- 2 that 

(l + K 2 )r 2 -K 2 < S 2 . 

Then the real part of tk is bounded above by 5 2 on the support of p. Therefore on 
the support of p, (Re(Tjf), 1h\{tk )) <= ( — 00,^2] x [—2K5 2 ,2KS 2 ], and so by taking 
6 2 small enough, we can ensure that the real part of ^[tk has absolute value less 
than | on the support of p. 

Therefore if 5 is small enough, Re(F s ), \F S \ > 2+ \ K 2 on the support of p. We 
can define F s outside the support of p so that Re(F s ), \F S \ > 1 1+ \ K \2 for all £, and 
Re(F s ),|F s | + for large 

Now for u e define J s u by 

J*(r,Q= (^-+hd r )u(r,0- 



This operator has adjoint J* given by 



These operators have (right) inverses defined by 

jFu(r,0 = h- 1 J\( t ,o(^j " dt 



and 



Jr 1 u(r,0=h~ 1 J fi(t,0(J) 



Each of these is well defined for functions in ■ 
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Define the weighted Sobolev space ^(M"^ 1 ) by the norm 



'^(Rtf 1 ) 



a+ +11^11^(^+1) + 



-V e u 
r 



L2(M-+ 1 ) 



Note that since cf{Q,2) lies in the set 1 < r < for some C a ^ 2 y H 1 

and Hi norms are comparable for functions supported on er(r2 2 ), with constants 
of comparability depending only on C ct (q 2 ). This holds more generally for any 
functions supported in 1 < r < C a ^ 2 y 

Lemma 3.1. J s , J*, J" 1 , and J* -1 extend as bounded maps 

J S ,J* S :ff r 1 (RJ+ 1 )-^L 2 (R?+ 1 ) 

and 

Moreover, the extensions of J* and J* -1 are isomorphisms. 
Proof. Consider J s first. If u e then 



iw 2 



L 2 (R™+ ) 



ft n \\JsU\\ 2 L2(R ^+i } 



= ft" 



< ft" 



< ft" 



< 



^(0 



u + hd r u 



F.(£). 



1±J9 4 



L 2 (R"^ 1 ) 
2 

L 2 (R"+ 1 ) 



L 2 (R^+ 1 ) 

-ft-||ft^|| 2 2(R „ ++1) 



It 


2 








-V0U 


r 


L 2 (R^+!) 


r 



L 2 (R"+ 1 ) 



+ ll^ r w||2 2(K „+ 1) 



By the density of ^(IR™^ 1 ) in il^R™^ 1 ), J s extends to a bounded map J s : 
HliR^ 1 ) -> L 2 (M. 1 t+ 1 ). The proof for J* is similar. 
Now consider J' 1 . Hue then 

2 



-J7 X u 
r 



dr 



h- 1 / u(t,0[- 



< 



dt 



dt 



- 2 dr 



r 2 dr. 



By a change of variables, we get 



s: 



l Js 1 U 


2 />oo 




r 





uirt^Y^dt 



dr. 
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Then Minkowski's inequality gives us 



/>oo 


-Js 1 U 


2 




dr < h- 2 


Jl 


r 





|u(rt,0*^| 2 dr] dt 



= h- 



Changing variables again, we get 



o VI 



u{rt,Q\dr) t~^~ dt 



Therefore 



Similarly, 



so 



Finally, 



so 



-Js 1 " 



dr 



h~ 



o \Jl 



Fs(() _1 



= h- 2 J™ \u(r,0\ 2 dr(^ 



u(r,£)\ 2 dr) t Hc —t-idt 

\ 2 



< 



1 + 

u(r, ^) | 2 cZr 



L 2 (R"+ 1 ) 



= h~ n 
= h~ n 

< h~ n 



-Js 1 U 



-J S ~ 1 U 



drd£ 



J f 



\u\ 2 drdS, 



h~ n \\i"i\\ 2 

n II u IIl2(r7+ i ) 

II II 2 

II u IIl 2 (m^+ 1 ) 



i; 



-Js- 1 * 



dr< 



/oo 



dr 



l ^ T i 

-VeJ s u 



hd r J s 1 u 



£ ll u llr.2««+iv 



r 



dr < 



/CO 
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and 



\hd r j s 1 «||l a(R «+i ) < \Hli iK +^ 



by the same logic. 

Putting all of this together gives 

II t-1 || 2 <- || || 2 

\\ J S M ll//l(R™ + 1 ) — II U Hl2( R « + 1) 

for u e Therefore by the density of in L^R 1 ^ 1 ), J- 1 extends 

to a bounded map 

J- 1 : L 2 ^ 1 ) -> H^(Wl+ 1 ). 

Again the proof for J* -1 is similar. 

It remains to show that the extensions of J* and J*^ 1 are isomorphisms. Note 
that if u e then 



(Here J" stands for the semiclassical Fourier transform in the 9 variables, just like 
the hat". I will use this notation when the hat becomes unwieldy.) Therefore 

(3.i) r s r- l u = u 

for all u E 5(M I 1 l + 1 ). 

On the other hand, integration by parts gives 



t 



hd t )u(t,0[-) h dt 



-■f(^)K«,(r 



/,=r 



so 

(3.2) 

for all u e 5(M I 1 l + 1 ). 
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Now consider J* . By (3.1| 



II J s 1 * Lt lliyi(R~+ 1 ) ~ II u IIl2(r-+ 1 ) 
for all u G By the density of in L 2 (M^+ 1 ), this holds for all u G 



i 2 (M"+ 1 ). Therefore J*' 1 is 1-1 with closed range. Now JO implies that 



is in the range of J*" 1 , so by the density of in ^(K™^ 1 ), i^QR'^ 1 ) is in 

the range of J* -1 . Therefore J*' 1 : L 2 (M I 1 l + 1 ) -> ^(R™^ 1 ) is an isomorphism. 



Similarly, (3.2 1 shows that 



II j >IIl2 (k ™+1) > I|m|| H i (r ™+1) 

for all u G and hence for all u G i/ r 1 (M"+ 1 ). Therefore J s * is 1-1 with closed 

range. Then ((fjl) implies that ^(M"^ 1 ) is in the range of J*, and so L 2 (]R"+ 1 ) is 
in the range of J*. Therefore J* : H^R"^ 1 ) -> L 2 (M^ , + 1 ) is also an isomorphism. 

Note that J~ 1 J s u ^ u in general, because integration by parts will pick up a 
boundary term at r — 1. Therefore the extensions of J s and J~ l are not isomor- 
phisms. 

□ 

Let iJ^oC^i+ 1 ) denote the subspace of H} (R1+ 1 ) consisting of functions with 
trace zero on the hyperplane r = 1, and let H~ 1 (R"^ 1 ) denote the dual space to 

The operator J s is closely related to a pseudodifferential operator. In particular, 
it has the following properties, which will be needed later. 

Lemma 3.2. i) Suppose w G ^(R™^ 1 ). Then if Q is a second order semiclassical 
differential operator with smooth bounded coefficients on M^f 1 , then 

\\(J S Q - QJs)w\\ H -x ( j g n+i ) < hC 5 \\rw\\ H1(Jg n+i ) 

li) Suppose w G Let X € Then 

||J»xJr 1 Hlz3(Bj+ 1 ) ~ llxwll^^n+i) - hC s \\rw\\ L2{9 n+x ) 

The C$ factor is written explicitly to track the S dependence. 

Proof, i) First, note that multiplication by 1/r is a bounded operator from i^^IR™^ 1 ) 
to #q (R"^ 1 ). Therefore by duality, it is a bounded operator from ff-^R"^ 1 ) to 
i/ r T 1 (M"+ 1 ), and so 

\\(J S Q - QJ s )w\\ H -i {v n+i ) < \\r(J s Q - QJsHIh-i^+I) 

Note that J s = hd r + ~T, where T is a semiclassical pseudodifferential operator 
on R™ of order 1. Meanwhile, Q can be written as a combination of d r derivatives 
and differential operators on R": 

Q = Ah 2 d 2 r + Bhd r + C 

where A, B, and C are (perhaps r-dependent) differential operators of orders 0,1, 
and 2 respectively on R™ for each fixed r, with bounds uniform in r. 

Ewe SIM"! 1 ), then Qw G 

Then 

\\r(J s Q - QJ.HIj?-!^!) = Mhd r + -T, Ah 2 d 2 r + Bhd r + C]w\\ H _ 1(M n+x y 
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Note that T commutes with d r . Therefore we have 

\r(J s Q - QJ s )w\\ H _ 1{K n+i ) < \\r[hd r ,Q]w\\ H _ 1{K n+i ) + \\[T,A]h 2 d 2 w\\ H _ 1{K n+i ) 

h 2h 2 
+\\ r [T, A^wWg^pn+i) + \\-^-[T, A]u;|| H _ 1(R „+ 1) 

+ 11 [T, ^]^rW|| H -l (K n+l) + || ^[T, B]w\\ H _ 1{R n + l ) 



+\mc]i 



Ijf-MR^ 1 ) 



Now r[hd r ,Q] = hrE = hEr + h 2 E\ where E and E' are second and first or- 
der semiclassical differential operators, by the product rule. Meanwhile, [T, A] = 
hE , [T, B] = hE\, and [T, C] = hE 2 , where E ,Ei, and E 2 are semiclassical pseu- 
dodifferential operators on R" of orders 0, 1, and 2 respectively. Therefore 



\\r(J s Q - QJ s )w\\ jj-i^n+i) 
< \\hErw\\ H - 1{R n+i ) + \\h 2 E'w\\ H - 1( gn+i ) + \\hE Q h 2 d 2 w\\ H _ 1{R n+i ) 
h 2 2h 3 

+ \\yE hd r w\\ H - 1( gn + l ) + \\^E W\\ H _ 1(K + V } 

+\\hE 1 hd r w\\ H - 1 pn+i ) + \\^E 1 w\\ H ^ 1{K +i ) + \\hE 2 w\\ H _ 1{m n+i ) 

Now E is bounded from ^(R^ 1 ) to ff- 1 (MJ+ 1 ), and E' is bounded from 
L 2 (R" +1 ) to H~ 1 (R^ 1 ). In addition, by the lemma on the boundedness of pseudo- 
differential operators on R" in R n+1 , El is bounded from H^R^ 1 ) to i 2 (M ? 1 l+1 ), 
so by duality, E 1 is bounded from L 2 ^^ 1 ) to H~ 1 (Wl+ 1 ). Meanwhile, if G is 
an invcrtiblc semiclassical pseudodifferential operator of order 1 on R™, then G is 
bounded from ^(R™^ 1 ) to tf-^R"^ 1 ), and G~ 1 E 2 is bounded from H 1 (R r l+ 1 ) to 
^(R^ 1 ), so £ 2 is bounded from to i?- 1 (R^+ 1 ). Finally, £ * is bounded 

from H 1 (M^+ 1 ) to if^R^ 1 ) and maps functions with trace on the boundary of 
R" +1 to other functions with trace on that boundary, so it is bounded from 
iJ 1 (R™+ 1 ) to H^(M^+ 1 ). Therefore by duality, E is bounded from ff-^R™^ 1 ) to 
if- 1 (R™+ 1 ). Also, note that i < 1 on 

Therefore 

IKJsQ-QJsHIh-i^+I) 

;$ ^II^IIh^r^ 1 ) + h2 \\ w \\mRi+ i ) + ^II^^^IIh-mr^ 1 ) 

+/i 2 C (5 ||^ r w;|| H - 1(Rr +i ) + fc 3 C«|Mlir-i(Rj+ 1 ) 
+/iC 5 ||/ia r «;|| I/2(R n+i ) + ^CallwH^^n+i) + hCalHIffif^+i) 
< ftCillrttfH^i^j+i) 



The C5 comes from the dependence of T upon 5. 
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ii) Now 



T 

\JsXJs W\\ L 2 (K +^ = \\{hd r + ~)xJ7 



r 

T 



> \\x(hdr + -)J a 1 w\\ La( ^n+i ) 



r 



\hEJ a 1 w\\ T2 , > 



where for each fixed r, E is an order zero pseudodifferential operator on S n . There- 
fore 

\\J s xJ^ 1 w\\ L2(K +i ) > \\xJsJ~ 1 w\\ L2{R n+i ) ^hC s \\J- 1 w\\ L2(R ^+i ) 



□ 



It would be nice if \\Jsw\\ H -i^n+i^ ~ ll u, lli, 2 (M n+1 )' but this 1S n0 ^ Quite true: 
since J s is not an isomorphism from Hq r (]R™^ 1 ) to L 2 (M™^ 1 ), there is no reason to 
expect this to be true. Instead, we have the following result. 

Lemma 3.3. Suppose u e ^(IR™^ 1 ). If g is defined by 

2ReF s ($) - h 



h 



u(t,£)r h t h dt, 



then 



H^llif- 1 ^! 1 ) - II m -.9|Il2(r^+ 1 ) 
Proof. Suppose u e ^(IR"^ 1 ). Define g as above. We have 

\g(r,C)\ 2 dr 



< 



2ReF s - 


h 


h 




2ReF s - 


h 


h 




2ReF s - 


h 


h 




2ReF s - 


h 



u(t,£,)r hf h dt 



dr 



oo />oo 



1 Jl 

oo 



\u(t,0\ 2 dt / {rt)- 2 -T^dtdr 



h 



\u(t,0\ 2 dt j (t)- 2 ^dt j (r)- 2 ^dr 

/OO 
\u(t,£)\ 2 dt 



h 

2Rc R -hi V2RcK-/i 



\u(t,0\ 2 dt 



Therefore g makes sense as an element of L 2 (M™^ ), and H^ll^^n+i) < ||m|| £2 ( R «+1). 
Note that 



J s g = 



+ hd r ) g = 0. 
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Therefore 

II T || \{J S U,W)\ 

\(J s (u- g),w)\ 

— blip || |. 

tueH o 1 ir (K?+ 1 ),™^0 ll w llifi(K^+ 1 ) 

SUp |(M-g,J»| _ 

Since J* : -> L 2 (E"+ 1 ) is an isomorphism, 

(3.3) IIJ^II^-i^+i) ~ sup — — 

Now J*w G L 2 ^^ 1 ), so 

II^^IIh-^r^ 1 ) - ll u ~ 5^2(^+1). 

On the other hand, note that u — g = J* J* _1 (w - c/). J s * _1 (m - g) G /^(R"^ 1 ), 
and 

/>oo / />oo \ 

JZ- 1 g(l,£) = h- 1 J h- 1 (2ReF s - h) (J u(t,^)a~^t~^dt) a~^da 

/OO y>OG 
u(t,0i"^*(/i _1 )(2ReF s - h) J a- 2Rc ^da 

/OO 

= jp~u(l,0 



Therefore J* _1 (u - g) G iT^RJJ 1 ). If u - g = 0, then the lemma is true by ( pH >. 
Otherwise, we can pick tu = J* _1 (u — g) in (3.3) to show that 

II J sU|Ih-i (K «+1) > II" -51^2(^+1). 

This finishes the proof. 

□ 

4. The Small Frequency Case 

Now we are ready to prove the small frequency case. Suppose X2{f, &) G C 00 ^™^ 1 ) 
is a cutoff function which is 1 on er(f2) and has support inside a^f^). 

If u> G Cg°(cr(0)), then w s G supported away from r = 1. There- 

fore J~ 1 w s G ^(IR™^ 1 ), and is supported away from r = 1. Then X2^7 1 w s is in 
C£°(o-(f2 2 ))- Therefore by Q , 

^IIX2J7 1 ^ll/fi( CT (Sl 2 )) £ ll^,e, ( rX2^ 1 W S || L 2 ((T( f 22)) . 

Since X2J^ 1 w s G Q^o^f^)), the -ff 1 and if* norms are comparable, so 

^=IIX2>/7 lw S |li i -i(R^+ 1 ) < ll^ y , e , (T X2>/7 lw S |lL2 (K -+i ) . 
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Using the boundedness properties from Lemma [3. 1[ 

■^\\JsX2J7 1 w s \\ L 2 {M n+i ) < ||£ V:£ , .X2J7 1 w s || i 2 (Rr +i ) 
so applying the second part of Lemma |3.2| 



h h 2 

Now X2W.S = X^Pw. Since w is only supported on the region where X2 is identically 
1, 

X 2W S = Pw + 0{h°°)Ew = w s + 0(h°°)Ew 

where E is an pseudodifferential operator of order (actually a smoothing operator) 
on M". Therefore 

^IIXau>.|| L a(B»+i) £ ^tIKII^r^ 1 ) ~ 0(/i°°)||u;|| i2(R „+i), 

and so 

h h 2 

^|II^IIl2(r^+ 1 ) % W^,e,aX2J s 1 Ws\\ L 2 {K +i ) +C s — \\rw s \\ L2 {m ^i ) +0{h oc )\\w\\ L2 (K +i y 

For small enough h, the second last term can be absorbed into the left side (r is 
bounded on the support of w s ) to give 

^IKIIi,2(R«+i) ^ II^, £: <tX2J7 1 ^IIl2 (ct (o 2 )) +0(^)||w|| i2(Rr +i). 
By the product rule, 

On cr(S72), the if 1 and .ff* norms are comparable, so 

^lk S |lz,2(R»+ 1 ) < ll^.^Vllz^+^+ftll^ 1 ^ 
Using the boundedness properties again, 

-^tIKII^R^ 1 ) £ ||^,e,a-^ 1 tU»|| ia(B! «+i) +fc||t"»|| Z( a CR? +i) +O(^°°)ll«'llx,= 0«?J 1 >- 

The second last term can be absorbed into the left side to give 

(4.1) ^IKIIl^Rn+l) < \\C Vte ^J- 1 W s \\ L2(K + l ) + 0{h°°) \\w\\ LHM n+ly 



I want to combine this last inequality with Lemma |3.3| to get 

^11^11^(^+1) < psC^aJ^W^jj-i^+i) +0(h° o )\\w\\ L2{K + i ) . 

To do this I need to show that if u = £ v , eirT J~ 1 w s , then the function g defined in 
Lemma 13.31 satisfies a bound like 

IMIl2(r»+1) ^ 2" u "- L2 ( H r+ 1 )' 
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This is not true in general, but happens in this case because of the particular form 
of u. Let v = J~ 1 w s , and consider g(r, £). 



2RcF s - h f°° - , _£l _S , 
.9 = ^ / £<p, s ,ov(t,£)r »t " dt 

2RcF s - h r,,,,., ^ f s T7 
h Ji 

2ReF s -h f°° w ^ f 3 ft, 

+ — ^ — y j-(i7/i 2 ^ 2 «xaK^-^ 

^hd t v(t,^)r~^t~^dt 
2 -T (^log(tf(9))hd t v^ (t,Or-%t-%dt 

■ h\7ghd t v) {t,Qr~^t-^dt 
^F((l + h 2 L S n)v)(t,Z)r-%t-%dt 



2ReF s 


-h 


h 




2RcF s 


-h 


h 




2ReF s 


-h 


h 




2ReF s 


-h 


h 




2ReF s 


- h 


h 




2ReF s 


- h 


h 



+ 2ReF h h f {{ {2h e l0g{tm) + J l0g2(t/W) ) V ) (*.Or-*r**. 



Here T represents the same thing the hat " does in the case where LaTeX's wide 
hat looks too strange to be used. 
Rewriting, we have 



- 2ReF °~ h r ^l + iK^)hd t v(t,^r-^t-^dt 

2ReF s -h f°° 1 , _, N<W ^ f s Fs , 
+ ^ J ^(l-\i\ 2 )v{t,i)r-^t-^dt 

+ 2RCF h k f K 2 )h 2 d?v)(t,Or-^t-^dt 

~ 2ReF h " h f T (ll ^(tf(0))hd t v"j {uy-^r^dt 

- 2ReF h~ k T (^ (/?/ " KCn) ' kVehdtV ) Mr-^t-^dt 

+ 2ReF °- h ((2^1og(^)) + ^log 2 (^)))^ (t,0r-*t-?A. 
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Integrating by parts in the first term gives 



2RCF ° k ^ \l + K 2 )h 2 d?v(t,0r-%t-%dt 
h J i 

2ReF s -h f^Fs, „ 2 s,^, ^ ^ ^ , 
= £ / -j(l + K 2 )hd t v(t,Or~^t-^dt 

_ ?5^^(5) 2 (1 + A . J)e(( , ,-* t -5, ( 

+ 2R^-ft , ^ ft | (1 + J , 2) . (w)r _ frt _ 5(jt 



There are no boundary terms from the integration by parts, because w is supported 
away from r = 1, and hence w s and i> are as well. Integrating by parts in the second 
term gives 



2RC ^ S k f \ (1 + i^ n )W(t,Or-*t-*dt 
+ ^ J ^(l|^„)i(«)r-TrTA 



Therefore we have 



2Re ^ s ^ |°° ^((l + K 2 )Ff - 2(1 + iK&jF. + 1 - |C| 2 )«(t,Or--*^*rfi 
2ReF s -h f ,^,, ^o... „ N f s J7 

+ — ^ — / /^(l + i^H^K^t-T^. 

2Re J F s -/i / >00 2/i / ^, ^ ?7, 

^ J ^(i + ^„)i)(U)^ T rTdt 

+ ^f^ |a_W,,)(t|{)r " V5i 

- 2ReF h~ k r T (^ (/?/ " ^ ' (*.Or-*t"^dt 

+ 2ReF h~ k r^il 2 ((2^og(^)) + ^log 2 (^)))^ (t,Or-*r?dt. 
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Applying the same reasoning as in Lemma |3. 3 
1 



llsll 



1 < h~ n 

L2(R™ + 1) ^ " 



((1 + K 2 )F S - 2(1 + iK£ n )F B + 1 - |er)«(r, 



+h~ n 
2h 



/i^(l + ^ 2 ){)(r,0 



{l + Khd e Jv(r, 



+ \\(\ lf \ 2 -K 2 )h 2 d 2 r v\\l HKV) + 

^ 2 

-((3f — Ke n ) ■ h\7 e hd r v 



2 h 



r e 



\og{rf(6))hd r v 



»+1n 
1+ •< 



/2 .2-lo g (r/(fl)) + ^log^(r/(d)))t; 



1+ - 1 



< /rl((i + x 2 )^ -2(i + *if60^+i-ICI 2 )«(^e)ll 2 L2(Rr + 1) 

+ /j2 II«IIhi(r'/+ 1 ) + C2ll^«lli 2 (By+ 1 ) 



|/icLu| 



ft 2 

" £ 2 INI/,*^ 1 ) + C 'a»II' U IIh 2 (RJ+ i ) 



1+ - 1 



where C M goes to zero as /x does. 

Now F s (£,) is designed so that F s (£) is very nearly a solution to (1 + X 2 )X 2 — 
2(1 + iK^ n )X + 1 — |£| 2 = when t/) s ^ and hence when v ^ 0. More precisely, 



Ki + x 2 )f s (o - 2(1 +iKUF s (o + 1 - ieri < s(\F a (o\ + \u) < mm, 



so 



\\g\\ 



< 



h- n \\6\F s (0\v(r,0\ 



2 



+ft-"||/iF s (l + /r 2 )u(r,OII 



+ ^11^11^2(^ + 1) 

(* 2 + c 2 )|M| 2 +1) 



< 6 2 lk 



< 
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This gives an estimate for g in terms of v. However, we want the estimate to be 
in terms of u. We have u = C Vt£t(T v, so 



> 



> 



((1 + K 2 )h 2 d 2 r - 2 (1 + Khdejhd r + + h 2 A e )v 



-\\(\lf\ 2 -K 2 )h 2 d 2 v\\ 2 L2{K+1) 



2h \og(rf(8))hd r v 
r e 



'-(/?/ — Ke n ) ■ hVghd r v 



2 ((2-log(r/(0)) + ^log 2 (r/(9)))« 



h 2 



If 

e 2 



{L S n - Ag)v 



((I + K 2 )h 2 d 2 - 2 (1 + Khde n )hd r + + h 2 A e ) v 



C 2 \\v 



2 1 1 „, 1 1 2 



»+>) 
i+ ^ 



Writing the last expression in terms of v, we get 



(l + K 2 )h 2 d 2 - 2 r (l + tK^)hd r + ^(l-\e) } /■(>-. 



-c,,lk 



2lL,l|2 



L 2 (R™7 ) 



P 11 ll ff 2 (M 



Now i)(r, £) = J"(-^s 1 Pw)(r, ^) is only non-zero for £ such that |£| 2 < \ + 
51+pq 2 < ^ nc °P era tor 

(1 + K 2 )h 2 d 2 - ^ (1 + + ^(1 - |C| 2 ) 

coincides, for r > 1, with a differential operator in r of the form 



(1 + K 2 )h 2 d 2 . - 2w(l + iK£ n )hd r + w 2 (l - |e| 2 ) 
where cj is a smooth function that coincides with ^ for r > 1. This is second order 

r 

elliptic for each |£| such that v(r, £) is nonzero, and its symbol (in r) is bounded 
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below, therefore 



|((1 + K 2 )h 2 d? - ~(1 + iK&ha, + 1(1 - |f| 2 ))fi(r,0| 2 dr 



oo 

\(l-h 2 d 2 )v(r,0\ 2 dr 



3G 



|^((l-/i J A»(r,Ordr 



Then 



+ x 2 )^ 2 - -(i + i^„)^ r + ^(i - iei 2 ))«(r,oni 2(Rr++1) 

2 



' L 'll// 2 (R5 l + 1 ) 



and so 



for /i small enough. 

Plugging this into the inequality for 5 gives 

ii5iii 2(Rr++1) <(^ 2 +^)ii-n 2 L2(Rr 

Taking /i, and 5 small enough means 



IMIr,w+M ^ oil" 



1+ 



) - 2 "i 2 (R"JjT ) 



Combining this with (4.1l now gives 

^ 1 1 W S 1 1 £2(^ + 1) < ||J S ^, e ,<7J fl _1 ^llff-l(R» + l) +0(/l°°)||w|| i2(Kr + l ) 

Now using the first part of Lemma |3.2| gives 
h 

+o(/i°°)IH i2(K?+I) 

< \\C v ,e,aW s \\ H -i {9 n+i ) + C s h\\rJ- 1 w s \\ H1{R n+i ) 
+0(h°°)\\w\\ L2{Kr) 

£<P,e,o-w s is supported in the r direction only for those r which can come from f^, 
since w s is. Therefore the H~ x and H^ 1 norms are comparable, and so 

^tIKII^r^ 1 ) < IIA^^IItf-ipR^ 1 ) + c sh\\r,J- 1 w s \\ Hl{K +i ) 
+0(h°°)\\w\\ L2(Rni) 
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Meanwhile, 



dt, 



and w s (t, £) is supported only for 1 < t < C for some C depending on a(fl2) 
Therefore for r > AC, 



\Js X w s {r,i)\ < 



1 1 ^(i 1 l!l 



Rc- 



AC 



Re- 



st) 



c 



1 




AC 


r> 2F S 


2 




r 





\J^Ws(r,0\ 2 < J \w(t,0\ 2 dt 
Therefore 

II^^Hl^R^ 1 ) ~ ll^.r lw S |U 2 (Kr<4C) +0(/l°°)||w s || i2(R r, + i ) . 

Similar calculations for derivatives of J^ 1 !!) give 

II^V^IhI^+I) < WrJ^WsWH^KrKAC) + 0(h°°) \\w s 1^2(^+1) , 



Therefore 
ft 



/jlKlli»(R?+ I ) ~ ll' C V.^ U, s|| i3 -i(R«+ 1 ) +C 5 h\\J s 1 W s \\ Hm n+i ) 

+0(h°°)\\w\\ L2{Ktl) 



Applying the boundedness results gives 
ft „ „ 



^ ll^¥>,e,<T^ S || ff -i(R^ + i) + C S h\\w s \\ L2{M 

+0(h^)\\w\\ L2(Rni 



1+ ) 



For small enough e, the second last term can be absorbed into the left side to give 
ft „ „ 



-'sIIl 2 (r5 1 + 1 ) 



~ \\£tp,s,a w s\\H- 1 (TgLZ+ 1 ) 



0(h°°)\W\vw. 



This finishes the proof of Lemma 2.6 



5. The Large Frequency Case 

Consider again the function F : R" — > C given by 
1 



f(o = (i + m n + y/2ncz n - + (i + ^ 2 )iei 2 - m 2 

but this time take the branch of the square root which has nonnegative real part. 
Now F is smooth except where 

r K (0 = 2iK£ n - {Ki n f + (1 + \K\ 2 M 2 - \K\ 2 
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lies on the nonpositive real axis. This happens when = and 

\K\ 2 



+ \K\ 2 ' 



Therefore on the support of 1 — F is smooth. Moreover, since the real part of 
the square root is nonnegative, both \F\ and the real part of F and are bounded 
below by X + K i ■ Therefore we can pick a smooth function Fi such that = 
on the support of 1 — and ReFg, \Fg\ > 1 i+ K i • Note that for large |£|, we 
have ReF(£), |F(£)| ~ 1 + |f |, F e can satisfy 

ReF,(0,|^(OI-l + l^l 

In fact, if 1+K 2 < r o < r i an d < So < Si, we can arrange for Fg — F and Fa 
to be smooth for |£| 2 > r and £„ > 5 - 

J^(r,0= (^ + ^ fl(r,0- 
This operator has adjoint J* given by 



dt 



These operators have (right) inverses defined by 

Ji r u(r,Z) = h- 1 £ u(t,0 
and 

„oo F <?(Q 

J*- 1 u(r,0 = h~ 1 J u{t,0(Y) " dt. 

Each of these is well defined for functions in ^(IR™^ 1 ). 
We have the following lemmas. 

Lemma 5.1. Jt,J%, , and Jg^ 1 extend as bounded maps 

J / ,j;:ff r 1 (R5 , + 1 )-^L 2 (RJ+ 1 ) 

and 

Moreover, the extensions of Jg and Jg 1 are isomorphisms. 

Lemma 5.2. i) Suppose w e ^(M"^ 1 ). TTiera i/Q is a second order semiclassical 
differential operator with bounded coefficients, then 

\\{J t Q - QJe)w\\ H -i {R n+i ) < hC 5 \\rw\\ Hl{m n+i ) 

ii) Suppose w G Let X € SQ^ 1 ). T/ien 

|| JtxJi 1 w\\ LV pi+i ) > \\xw\\ L 2 {s n+i ) - hC 5 \\rw\\ L2{m n+i ) 
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Lemma 5.3. Suppose u 6 <S(R™^ ). If g is defined by 



\\ J M\h- 1 (w^+ 1 ) - \\ u -9\\L3(yq+ 1 ) 

The proofs of these lemmas are identical to the proofs of the equivalent lemmas 
in the small frequency case. 

Now consider the Carleman estimate (2.4). By a similar argument as in the 
small frequency case, we get 



(5.1) 7/|IKIIz,2(R«+i) < \\£<p,£,aJ e 1 ^IIz,2(r»+ 1 ) + O^JIMIiip^+i). 

Again I want to combine this last inequality with Lemma |5.3| to get 

T^IMI^CR^ 1 ) ~ II J t L V,e^Ji 1 W l \\ H -i [K r.+i ) + 0{h°°)\\w\\ L2{v n+i y 

To do this I need to show that if u is of the form u = Cip, s , a Jj We, then the function 
g defined in Lemma |5.3| satisfies a bound like 

||.9|| L 2 (R n + l) < ^|k|li2 (R »+l) +0(/l)||^|| L2(R „ + l ) . 

The approach used in the small frequency case does not work here, because Ctp >e ,a is 
not at all elliptic from the point of view of wg. However, now C Vl£l0 - can be factored 
into a composition of two operators, one of which has the desired properties. 

Let be a smooth cutoff function which is identically 1 on the set where 
|£| 2 > T\ or |£„| > Si, and vanishes if |£| 2 < r or |£„| < So. Let 

and consider the symbols 



r . a + % ■ { ± V(a + Wf ■ - (1 + (7/) 2 )(« 2 - ggggg . r (A 
G± = C(0 1 + |7/| 2 

where Ls"(0,£) represents the symbol of the differential operator Lg"- The square 
root represents the branch of the square root with nonnegative real part. The 
argument of the square root lies on the nonpositive real axis only when /3/ • £ = 
and 

Lqn < ^ 



1 + | 7 /| 5 



For fi small enough, this cannot happen on the support of £. Therefore G± really 
are smooth, and hence they really are symbols of order 1 on R™. 
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Now if T a is the operator associated to the symbol a, 

{hd r - l -T G+ )(l + \ lf \^{hd r - l -T G _) 
= (1 + \ lf \ 2 )h 2 d 2 r - \{l + |7/| 2 )(T G+ + T G _)hd r + 1(1 + |7/| 2 )T G+G _ + hE 1 
= (1 + |7/| 2 )^ 2 9 2 --{a + /3f hV e )hd r T c + ^(a 2 + h 2 L s ~)T e 

-hi + h f \ 2 )T Gs + 1(1 + | 7 /| 2 )(T G+Gs + T GsG _ + T G 2 ) + hE 1 
= (1 + \i f \ 2 )h 2 d 2 r - 2 -(a + p r hV e )hd r T ( + l(a 2 + h 2 L sn )T e 

+ \lf\ 2 )T Gs + 1(1 + |7/| 2 )(r G+ T Gs + T G _T Gs +T G ,T G J + ^ 

where £1 is a operator (which changes from line to line as necessary) built of first 
order semiclassical pseudodiffercntial operators in K™ and d r derivatives which is 
bounded from H 1 (RJ+ 1 ) to L 2 (R"l+ 1 ). 
Now let v — Jj x wi. Then 

(hd r - ^T G+ )(1 + | 7 /| 2 )(^ r - ^T G > 

= (1 + | 7/ | 2 )/i 2 d 2 v - J> + /?/ • hV e )hd r T c v + l(a 2 + h 2 L Sn )T c v 

+ \lf\ 2 ) T G s v + 1(1 + l7/| 2 )(r G+ + T G _ + T Gs )T Gs v + hE lV . 

Note that w)^(r, £) is only supported for £ in the support of (1 — p), and therefore 
u = J^ 1 wg is supported only for £ in the support of (1 — p). Therefore 

T c w = v. 

since ( = 1 on the support of 1 — p. Similarly, T^v — v. In addition, 

T Gb v = 0, 

since G s is on the support of 1 — p. Therefore 
{hd r ~ l -T G+ )(l + \ lf \ 2 ){hd r - l -T G _)v 
= (1 + \-i s \ 2 )h 2 d 2 r v - ?(a + P f ■ h\7 g )hd r v + l(a 2 + h 2 L s ~)v + hE lV 

= £ V ,s,aV + hElV 

where £ x is bounded from iJ 1 (R^+ 1 ) to ^(M™^ 1 ). 
Therefore 

£ V ,e,aV = (hd r - - T G + )z + hE x V 

for some function z, given by 

z = (1 + \lf\ 2 ){hd r - l T G _)v. 
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Then 



2ReF e -h f°° - , . 5 n , 



h 

y ^((ftd t -~T G+ J zj (t,0r-^r^dt 

hErv(t,£)r-%t-%dt 



2ReF t -h 



Integrating by parts gives 



2ReF^ - h f°° 1 
"ft / t 
2Rei^ - /i 
ft 



9(r,0 = r / 7 ^((%-T G+ )*)(t,0r-^t-Tfdt 

hFhv(t,£)r-^t-%dt 



There are no boundary terms because z is supported away from r — 1. Therefore 
by the reasoning used to prove Lemma |5.3| 



1 „ f _ 

.. r /'^-G + ;*llL»(R-+ 1 ) 



IM| 2 , W+ M < lbC%- G >ll a 



-h 2 \\E lV \\ 2 TW . , 



We need an estimate for || \{Tjr_ G+ )z\\ 2 L2f _ n+1 . Examine the symbol G 



Ft — G + 



m) 



a + i(3 f ■ e + y/(a + Wf ■ Q 2 - (1 + |7/ 1 2 ) (« 2 + ggggj) 
^ 1 + I7/I 2 



-(i - 0^(0 

* + ijh ■ e + y/(a + *fr ■ 2 ~ (1 + |7/| 2 )(« 2 + gggTgf 



On the support of £, 
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Therefore 

Fi-G+ 

'\ + %Ki n + y/2iKZ n - (KU) 2 - (1 + i^ 2 )IC| 2 - |^| 2 



= c 



i 1 + K 2 

+ »/V C + y/(a + Wf ■ Q 2 - (1 + (7/) 2 )(c* 2 + L s ~ (9, Q) ' 
1 + I7/I 2 



C V i + if 2 1 + I7/I 2 

/ y/^n - (ggg - (1 + ^ 2 )|C| 2 - l^l 2 
^ 1 + if 2 

V(a + Wf ■ 2 - (1 + (7/) 2 )(" 2 + 



1 + 17/I 2 ; 

Consider the first term. 
1 + iK£ n _ a + iPft (1 + | 7/ | 2 )(1 + iK£ n ) - (f + K 2 )(a + ij3f ■ Q 

1 + '"" 1 + I7/I 2 (l + iP)(l + | 7 /| 2 ) 

(| 7 /| 2 -^ 2 )(1 + ^) 



+ 



(l + iP)(l + | 7/ | 2 ) 

((l + X 2 )((l- a )+z(/3 / -^ e »).Q 
(f + ^)(l + | 7/ | 2 ) 



The first order operators with symbols 

d 7/ l 2 -^)(i + ^g 

(l + ^)(l + | 7/ |2) 

and 

((l + K 2 )((l-a) + z(f3 f -Ke n )-0 
(l + ^)(i + | 7/ | 2) 

have bounds < C M , because they involve multiplication by a function of 9 which is 
bounded by CkC^. 

Similarly, consider the first order operator with symbol 

( y/2iK£ n - m n ) 2 - a + ^ 2 )iei 2 - i^i 2 



l + K 2 

y/( a + 0f ■ Q 2 - (1 + (7/) 2 )(^ 2 + L S ~ {9, Q) ' 
1 + I7/I 2 



To fit everything horizontally on the page, denote 

t k := 2iK£ n - (KC n ) 2 - (1 + K 2 m 2 - \K\ 2 

and 

T f := (a + ift • £) 2 - (1 + (7/) 2 )(a 2 + L S n(9, £))• 
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Then 



l + K 2 I + I7/I 2 

(l + \lf\ 2 )Vm-(l + K2)^rJ 

(1 + ^2 )(1 + | 7/ | 2) 

(1 + | 7 /| 2 ) 2 TK-(1 + ^ 2 )V/ 



(1 + K*)(l + | 7/ | 2 )((1 + |7/| 2 )V^ + (1 + K^^rj) 
= (l + K 2 ) TK - Tf 

, ((l + l7/| 2 ) 2 -(l + if 2 ) 2 W 

(1 + K*){1 + | 7/ |2 )((1 + | 7/ |2)^ + (1 + K 2 )V¥J) ■ 

Expanding, 

= 2 l (Ke n - apf) ■ £ + ((J3 f ■ - (Ke n • £) 2 ) + (| 7 /| 2 - K 2 )L(9, i£) 

+(hf\ 2 -\K\ 2 ) + a+K 2 m\ 2 -L(6,o). 

Therefore the second term has operator bounds < C„, because each term involves 
multiplication by a function of 9 which is bounded by CkC^. 
Therefore 

||-(%_ G+ )Z|| 2 2(R „ + 1 ) < ^INIffl^n + l) 

for \x small enough. Then 



211171 1 1 2 

£ * 2 II< W + ^>II* W ) 



Hhi(m-+ i ) + /i2 n s i u iii2 (R »+i ) 



Since 



we have 



£<p,e,crV = (hd r - -T G )z + hE^V, 

r 



H^^ll^+i) ^ W( hd r - r T G + )^H 2 ,2 (K n+i ) - h 2 \\E lV \\ 2 L2iK +i 



> 1 1 JfZ 1 1^2(^ + 1) - ll-^-G+^ll^jjn+l) - ^ll^ll^l^n+l) 
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for S small enough. Therefore 

< 8 2 \\C v , e , a v\\ 2 H1(ntl) + h^lJ-^l - PHI^^+i) 

Using similar reasoning as for the small frequency case, 

h*\\ J 7 \l - P)w\\ 2 H1(KV) < h 2 \\J-\l P)w\\l 1ARnly 

Therefore 

ll5l| 2 L2(Rr++1) < <5 2 ||£^|l^ 1(Rr++1) + h'WJ-'il P) W \\ 2 HiKV) 

< 8 2 \\C v , StCT vf H1(K + X) + h^weWl^^ 

Then for S small enough, 



Now using (5.1) and Lemma 5.3 

Absorbing the second last term into the left side gives 

^H^IIl^r^ 1 ) < \\ J e£ V ,c,vX2Ji 1 w e \\ H -i {v n+i ) + 0(h x )\\w\\ L2{ 
We can finish the argument as in the small frequency case to get 

^IKIIz^r"! 1 ) < ll^,£,<T w dlif-i( R ^+ 1 ) +0(/i)||w|| L2(R ^+i ) 
This finishes the proof of Lemma |2.7| and thus of Proposition |2.5| 



6. Proof of Theorem 11.4 



Now I can prove Proposition 2.1 essentially by gluing together estimates of the 
form in Proposition 2.5 First note that by a change of variables similar to the ones 
in Section 2, we can show that if for all 8 € S n such that some (r, 9) is in f^, 

| sin(#fc) — 1| < /i where k = 1, . . . , n — 1 

and 

|V S » log / - Ke n \ S n < /I, 
where is small enough, then 

(6-1) 4=IMU 2 (fi) ^ IIA>,eHlir-i(A ) 

v e 

for all w G C£°(fi). 

Now let fi be as in Proposition |2.1| We can take an open cover U\ , . . . , C/ m 



of Q such that on each fi (1 f/j, there exists Kj such that under some choice of 
coordinates, |Vs>« log / — Kje n \ < [Ik, and | sin(6*fc) — 1| < hk s , where /i^ is the 
value of n from Proposition 1 which works for K = Kj. (Since |V,s™ log/| must 
be bounded above, hr. must be bounded below, and therefore this is possible with 
only finitely many Uj.) 
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Let , • • • Cm be a smooth partition of unity subordinate to the cover U\ , . . . U„ 
Now for to G Cfi°(fi), 

to = ClW + . . . CmW =: Wi + . . . + W m , 



where each Wj G Co°(f2 n Uj). Applying the result (6.1 1 to the domain n U- 



-^IK'lU^nnt/j) < IIAv^jIIh-H^o) 



for each j = 1, . . . , m. Then 

4;IK-|U 2 (fi) ~ II^v.^jIU-MAo). 

so 

-^IMU^n) < J] \\C^. £ Wj\\ H -i {Ao) . 
j 

Now by the product rule, 

\\£ v ,eWj\\H-i(Ao) = \\£v,eQj w \\H-i(A ) 

w \\Ao 

< \\£<p,eW\\H-i(A ) + G H w \Uo ■ 

Therefore 

(6-2) - h 7 ^.\\w\\ L 2 {n) < WC^wWh-haq). 

v £ 

for e small enough, for every w G Cg°(f2). 

To treat the case where W and q are non-zero, note that 

£ v ,s,W, q = £ v ,e + h(W ■ hD + hD ■ W) + 2ihW ■ V(logr + h 1 ^-^) + h 2 {q + W 2 ). 
Therefore 

-plhlli^fi) ^ \\£<p,s,w,qw\\u-*-(A ) + hC\\w\\ L ^ Ao ) 
and the last term can be absorbed into the left side to give 

-7=IHU 2 (Q) % \\£<P,e,W,qW\\H-^{Ao)- 



This completes the proof of Proposition |2.1| 

Finally, I can prove Theorem |1.4| by gluing together estimates of the form in 



Proposition 2.1 If E is a compact subset of Fq \ Zq, then define f2' to be a smooth 
domain containing f2, with dft n dQ! = E. 

Then let U\ , . . . , U m be an open cover of f2 such that each dUj D E coincides 
with a graph of the form r = fj(0). For each Uj, Proposition 2.1 gives us 

^|MU 2 (£/j) ~ \\£tp,e,W,qW\\H- 1 (A j ) 

for to G C§°(f/j). 

Each Aj is defined by the graph of a function r = fj(0), and since cT2' is smooth 
and coincides with d£l on E, and S is a compact subset of Fq \ Zn, dft' must 
be locally a graph in a neighbourhood of E. Therefore we can assume that Aj 
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coincides with Cl' in a neighbourhood of each Uj, in the sense that their charac- 
teristic functions are equal in that neighbourhood. Then there is a smooth cutoff 
function \j defined on Aj n Cl' which is identically one on Uj but vanishes out- 
side on the complements of Aj and CI' . Multiplication by this function provides a 
bounded map from Hl(Aj) to Hq (CI') and vice versa, and therefore for w G Cfi°(Uj), 
\\w\\H-i-(n') — \\ w \\H- 1 (A j )- Therefore we have 

—p H W II L 2 {Uj) ^ \\£v,e,W,qW\\H-i(Q>) 

for w G C$°(Uj). 

Gluing together these estimates in the matter used above gives 

-7=||HU 2 (n) < \\£- V ,e,W,qW\\H-^(Q,') 

v £ 

for w e C$°{CL). 

Finally, note that if w € C§°(0), then e 22 ^ w G C§"(Cl), so 

h c°^) 2 ., ., c°«o 2 ., 

— 7= II e = w||l2(q) <; ||e « ^,w,«^||ff-i(n')- 

(log r| 2 Cft 

On f2, there exists some Cn such that 1 < e s < e~~i~ , so 

h|IHU 2 (n) ^ HAp,w,gHlH-i(n') 
as desired. This establishes Theorem 11.41 



Remark If we want to prove Theorem |1.2| instead of Theorem |1.1[ then we 
could begin by supposing that / : S n — > (0, oo) is a C°° function such that Cl lies 
entirely in the region Aj = {(r, 6)\r < f(6)} C ]R n+1 , and E is a subset of the graph 
r = f(6). Then by the change of variables (r, 9) m- (K 6), Cl maps to a region Cloi 



the form described in Proposition 2.1 Therefore by fl6.2 



&IMIz»(ft) < IIAv^llir-i(A o) - 

for it) G Co°f2, where y> = logr. Changing variables back gives the Carleman 
estimate 

h \\w\\ L 2 {n) < \\£-i ogr , e w\\ H -i (Al) 
for w G C^Cl. Therefore by the same kind of argument as above, we get 

fr|MU 2 (n) ^ \\^<p,w,qw\\ H -i(n') 

where ip = — logr, and Cl' is a domain containing Cl, with E C dCl' n 90, whenever 
S is of the form described in Theorem |1.2| Using this Carleman estimate in the 
place of Theorem |1.4| in the remainder of the argument proves Theorem 1 1 . 2 1 instead 
of Theorem 11.11 

7. Complex Geometric Optics Solutions 



Theorem 1.4 can be used to construct solutions to equations of the system ( |1.1| . 



The key is the following proposition. 
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Proposition 7.1. For every v £ L 2 (Vl), there exists u £ such that 

C * v ,W,q u = v onil 
u\ E = 



and 

ll«llffi(n) ^ dMU»(n)- 

Proof. The proof is based on a Hahn-Banach argument. Suppose v £ L 2 (Q). Then 
for all w £ C£°(fi), 

l(^b)n| < ^||«||i=(n)/i||w||i2 ( n). 
Therefore, by Theorem 1.4 



(7-1) IH«)n| < ^||«||i='(n)||'C ¥ ,,w,g«;|| J? -i(A ). 

Now consider the subspace 

{C v , w , q w\w £ C °°(fi)} c H-^Ao). 



By the estimate from Theorem 1.4 the map £ Vi iy,gW 1 — > {w\v)q is well-defined on 
this subspace. It is a linear functional, and by (7.1), it is bounded by ?||u||i2(n)- 



Therefore by Hahn-Banach, there exists an extension of this functional to the 
whole space H~ 1 (Ao) with the same bound. This can be represented by an element 
of the dual space Hq(Aq), so there exists u £ Hq(Aq) such that 



\u\\m(A ) S rlMU a (n) 



and 



(w\v)n = {C v ,w, q w\ u )A 

for all to £ Cft°(fi). Note that u £ H%(A) implies that u\ E = 0. Then 

(w\v) n = {w\C* v<WA u)n 

since w £ Co°(f2), and thus 

(w\v - C* vWq u) n = 
for all v £ Co°(Q). Therefore v — £* Wq u on 17, and 



as desired. 



□ 



Now I can construct the complex geometrical optics solutions. 
Proposition 7.2. There exists a solution of the problem 

Lw,qU = on fl 
u\ E = 
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of the form u = e'^ +1 *' (a + r) — e^b, where ip(x, y) = \ogr, ip is a solution to the 
eikonal equation Vip ■ Vip = 0, |Vv| = \Vip\; a and b are C 2 functions on fi; and 

Re£(x, y) = ip(x, y) - k(x, y) 

where k(x) ~ dist(x, E) in a neighbourhood of E, and b has its support in that neigh- 
bourhood. Finally, r € H 1 ^), with r\ E = 0, ||r||#i(n) = O(h), and ||?'|| i 2( 9fi ) = 

0(/l5). 

The proof is a combination of the proofs of the equivalent theorems in [DKSU] 
and [KSU]. 

Proof. Let ip(r, 9) — log r, and take ip(r, 9) = g?s~ (6, w) for some fixed point weS". 
If oj 7^ 9 for all (r, 0) G fi, then ^ solves the eikonal equation V</? • VV> = 0, |V<ys| = 
\Vip\. Then 

/i 2 £ w , 9 e* ^ +i <« = e ^ v+i ^ (h(D + W) ■ (Vip - iVip) 

+h(Vip - iVip) ■ (D + W) + h 2 Lw. q )- 

Therefore if a is a C 2 solution to 

(Vip - iV<p) ■ Da + (Vip - iVip) ■ Wa + — (Aip - iAip)a = 0, 

then 

h 2 C w , q ei^+^a = ei^+^h 2 C w , q a = 0(h 2 )e^ +i ^ . 

We can look for an exponential solution a = e* , in which case the relevant equation 
becomes 

(Vip + iVip) ■ V$ + i(Vtp + iVip) ■ W + ^A(p + iip) = 0. 

Now suppose x <G and write x — (x u ,x'), where x u is the component of 

x in the ui direction, and x' are the remaining components. Then by considering 
z = x u + i\x'\ as a complex variable, we get </? = Re log z and -0 = Imlogz. Now 
our equation is an inhomogeneous Cauchy-Riemann equation in the z variable, and 
can be solved by the Cauchy formula. Then a is C 2 , since W is. Note that the 
solution is only unique up to addition of terms g a with 

(7.2) {Vip + iViP) ■ Vg a = 0. 

Now I want to construct a (complex valued) function I to be an approximate 
solution to the equation 

VI ■ VI = 

£\e = <P + ii>- 

In order to avoid duplicating the solution ip + iip, we can ask for 

v £\e = -d v (ip + iip)\s- 

To construct an approximate solution, pick coordinates (t, s) near E such that t 
are the coordinates along E and s is perpendicular to E. Suppose £ takes the form 
of a power series 

oo 

*(M) = x>(ty. 
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Then 

oo oo 

= (^V^^^a^V" 1 ) 
Expanding the equation W • W = gives 
= ^ V t a J V t a fc + ^ V t ajV t a fc s+ X! V * a i V t a fc ) s2 

J+fc=0 \j + fe=l / \]+k=2 

+ ^ jkaja k + ^ jkaja k s + ^ jka^au ] s 2 

j+*=2 \j+fe=3 / \i+fc=4 

Considering each power of s separately gives a sequence of equations 
(7.3) ^ VtajVtdk + ^2 jkcijdk = 0. 

j+k—m j+k—m+2 

for each m = 0,1,2,.... The boundary conditions determine o,q and a 1; so we can 
solve this recursively. If m > 1, and all aj are known for j < m, the only part of 
(7.3) which contains an unknown looks like 2(m + l)a\a m +i. Note that 

d = —d„(ip + iip) 

Since E coincides with a graph r — f{6) for some smooth function /, and ip — logr, 
there exists some £o > so that |aj | > Sq on S, and so we can divide by a\ to solve 
for a m+ i. 

This gives a formal power series for t, which may or may not converge outside 
s = 0. However, we can construct a C°° function in f2 whose Taylor series in s 
coincides with this formal power series at s = 0. 

Let x '■ K — > [0, 1] be a smooth cutoff function which is identically one on [— |, i], 
and identically zero outside (—1,1). Set 

oo oo 

where 

6^ = m ax{||a fe (t)|| cfe(0) , 1}. 

This defines a C°° function on whose Taylor series at s = coincides with the 
formal power series calculated earlier. Now examine the expression VI ■ V£ The 
coefficient of s m in this expansion is 

^ V t CjV t Cfc + ^ (9 s Cj + (j + l)c j+1 )(d s c k + (k + l)c k+1 ). 

j+k—m j-\-k=m 

For s < 2j~, all Cj(t, s) = Oj-(t) for j < p, so this is exactly zero by design when 
s < 5^ an< ^ m < P- Therefore on the region where s < 25-, W • W is a smooth 
function which is 0(s p ) as s goes to zero. Since this can be done for any p, 

We-We^O(dist(x,E)°°). 
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Moreover, 

d v Re£\ E = -d v ip\ E < s , 

and 

Re£\ E = ip\ B 

so in a neighbourhood of of E, 

(7.4) Re£(x,y) = ip(x,y) - k(x,y) 

where k(x) ~ dist(x, E) in a neighbourhood of E. 

By a similar method, we can construct an approximate solution b for the problem 

W • Db + W • Wb = 

b\ E = a\ E . 

so 

V£ ■ Db + V£ ■ Wb = 0(dist{x,E)°°) 
b\ E = a\ E . 

Multiplying b by a smooth cutoff function does not change these properties, so we 
may as well assume that b is only supported close to E for ( |7.4| to hold. Then 

-h 2 L Wtq {eh) = e^{0(dist{x,E)°°) + 0(h 2 )), 

so 

\h 2 C w>q (eh)\ = e^e^(0(dist(a;,£;) 00 ) + 0{h 2 )). 

If dist(a;,-E) < hh , for h small, this is e^O(h 2 ), because of the 0(dist(ir, E)°°) 
term. On the other hand, if dist(a;, E) > , this is still e^O(h 2 ), because of eT. 
Now e^+^a - eh = on E, and 

e-^tfCw^e^+^a + e^b) = v 

where 1 1 || z, 2 (fi) = 0(h 2 ). By Proposition 7.1 the problem 

£* v ,w, q r i = e^^h 2 C w , q e^ri = -con!] 
r x \ E = 

has an H 1 solution r% with 

IHI-ffi(fi) ^ j^\M^(n) = 0(h) 

Set r = e-^ri, and u = eH^fa + r) - eH. Then 

||r|| H i (n ) = O(Zi), 

so ||r||i2(3Q) = O(h^) by the trace theorem, and 

£w,q u = on f! 
u\ E = 0. 

This finishes the proof. □ 
If the boundary condition is not needed, then the result is as follows: 
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Proposition 7.3. There exists a solution of the problem 

Cw,qU = on fl 

of the form u — e^ v+ '"^(a + r), where <p(x, y) is any limiting Carleman weight, tp 
is any solution to the eikonal equation, a is a C 2 function on fi, and r £ H (fi), 
with ||r||ffi ( n) = O(h), and \\r\\ L 2( dn) = 0(/i3). 

This is essentially lemma 3.4 from [DKSU]. Note that we can always replace a 
by 7a, where 7 is a solution to 

(vv + zvv>) • V7 = 0. 

on J7. 

8. Proof of Theorem 11.11 

For convenience, || • || will denote the L 2 norm in this section, unless otherwise 
indicated. The tilde as used in this section has nothing to do with the notation 
from section 2. 



Using Proposition 7.2 we can construct U2 — efc( v+ "^(ci2 + r2) — e" h b =: U2 + u r 
to be a solution to 

Cw2,q2^2 = on O 
u 2 \e = 0. 

Then — ip is also a Carleman weight, and if (p and ip satisfy the eikonal equation, 
then so do —if and ip. Therefore using Proposition 7.3 we can construct u\ — 
e i + n) to be a solution to 

^VKi,gT u l = 0. 

Let w be the unique solution to 

£w uqi w = 
w\an = u 2 \dn- 

(This is where we use the assumption that £w ll9l does not have a zero eigenvalue.) 
Note that in particular, w\e — U2\e — 0, so by the hypothesis on the Dirichlet- 
Neumann map, 

d v (w - u 2 )\u = 0. 

Now 
(8.1) 

£-W 1 ,q 1 { w - "2) = ~C Wl , qi U2 

= {W 2 - Wi) ■ Du 2 + D ■ (W 2 - W^l-12 + (W| - Wl + q 2 - qi)u 2 . 
On the other hand, the Green's formula from [DKSU] gives us that 



(8.2) 



^■Wui-l{ w ~ fyijuidV = / d v {u,2~w)uidS 

an 

dv{v,2 — w)u\dS. 

an\u 
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Combining (8.1| with (|8.2[) gives 



dn\u 



d v {u 2 -w)WdS = ( {W 2 -W 1 )-{Du 2 ui + u 2 Du 1 )dV 

+ [ (Wi - Wl + q 2 - qi )u 2 uIdV. 
Jo. 



Expanding u 2 as u 2 — u 2 + u r on the right side gives 



dQ.\U 



(8.3) 



= / (w 2 


-Wx) 


(Du 2 u\ + u 2 Dux)dV 


+ f (wi 


- wl - 


\- 92 - qx)u 2 uidV 


+ f{W 2 
Jn 


-Wx) 


(Du r lli + u r Dux)dV 


+ f (wf 


- wl - 


^ 92 - qx)u r uidV 



We can label the terms as follows: Q = (2) -+ 
on the right side first. (2) is bounded above by 



(5). Consider the terms 



\\{W 2 - W^e-^Du^Wax + rx\\n + \\(W 2 - Wi)e*Diii||n||a2 + r 2 ||a- 

Since W 2 — Wx is bounded on ft, ||ai||n and 1 1 «2 1 1 r2 are O(l), and H^iHn and ||r 2 ||n 
are O(h), 

|@| < ||e-*2?«3||„ H- ||e*i>in||n. 
Meanwhile, (3) is bounded above by 

|@| < \\{W 2 2 -Wl + q 2 -q 1 ){a 2 + r 2 )\\ n \\a 1 +r 1 \\n = 0{l). 

Similarly, 

\®\ < He-R-Durlln + ||e^Z?ui|| n ||e-K- || n 
< \\e~^Du r \\Q + /j||e^Dui||fi 
and © is bounded above by 

\©\ < MW* - Wl + q 2 - gi)e-s-6|| n ||ai + n|| n = 0(h). 
Now examine term (T): 



8Q\U 



d u (u 2 — w)uidS 



< \\d v (u 2 - w)e f \\ d n\u\\ax + rx\\an\u- 



The factor 1 1 «i + rx\\dn\u is 0(1). Furthermore, on dil \ U, d v <p > ex, so 

1 



an\u 



d u (u 2 — w)uxdS 



< —^IWdvtpe h d u (u2 - w) II an\u 



< -^=\\\/d v (pe %d„(u2-w)\\ 



Then using the original Carlcman estimate from [DKSU] , (T) is bounded above by 
C 



(yh\\e *C Auqi (u 2 - w)\\q + \\^f-d v tpe % d„(u 2 - w)\\ Fn ^J 
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The last term on the right side is zero, because d v (u 2 — w) = on U, and Fq C U. 
Therefore the bound on (T) can be written as 

( ^\\e-%£ Wuqi (u 2 - w)\\ n 

^||e-*((Wi - W 2 ) ■ Du 2 + D-{W 1 - W 2 )u 2 + (W? - W% + qi- q 2 )u 2 )\\s 
£l 



< ^^|| e -*((Wi - W 2 ) -Du 2 + D- (Wi - W 2 )u 2 + (W? - Wl + qi - q 2 )u 2 )\\ Q 



+ 9^\\ e -l^ Wl _ W2 ) .Du r + D- (W 1 - W 2 )u r + {Wl - Wl + qi - q 2 )u r ) 
V £ l 



< f||e %Du 2 \\ Q + \\e %u 2 \\ n + \\e %Du r \\ n + \\e %u r \\ n ) 
CVh /,, 

-^T^ II II II II — f. II II — Ml, || \ 

< —=\\e »Du 2 \\ n + \\a 2 +r 2 \\ n + \\e * Du r \\ n + \\e * b\\ n ) 

< 9^ (\\ e -%Du 2 \\n + 0(1) + ||e" *£>«,. || n + 0(h)) 



where the constant C mutates as necessary to preserve the bound. Therefore in 
order to bound the terms (T),(2), and (3), we need to calculate 

||e^£>ui|| n ,||e-^£)M2||n, and \\e-% Du r \\ n . 

We have 

||e*£>ui|| n - \\e^D(-L P + i^)e^ +i ^(a 1 +r 1 ) + e^D(a l +r 1 )\\ u 

< + »V0(ai + ri)|| n + ||D( ai + n)|| n 

= 0(0 + 0(1) 
= 0(h-') 

since ||ri|| ff i(n) is 0(h). Similarly, 

||e-*Du 2 ||n = 0(h~ 1 ). 

Finally, 

\\e~%Du r \\ n = \\e~%^-D£exb + e~%e*Db\\n 
h 

< i||e-*6D^|| n + ||e-*D6||n 
= 0(1) + 0(h) 
= 0(1). 
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Putting all of this together gives 

® = 0(h~i) 

© = Oih- 1 ) 

© = 0(1) 

® = 0(1) 

© = O(h) 



Therefore multiplying (8.3) through by h and taking the limit as h goes to zero 
gives 

lim h (W 2 - Wi) ■ (Du 2 ui + u 2 Lhn)dV = 0. 

From here on the proof follows verbatim from [DKSU]; it is outlined here only for 
convenience. 

We know from the proofs of Propositions |7.2| and |7.3| that a% and a 2 have the 
form ai = 7e $1 and a 2 = e* 2 , where 7 solves 

(-Vtp + iVi;) ■ V7 = 

on fl. Therefore 

(8.4) / (W 2 - W x ) ■ (V(p + iVtp)e^ +92 gdV = 0. 
Jn 

where g solves 

(Vtp + iVtp) ■ Vg = 0. 

on f2. 

Meanwhile, $1 and $2 solve 

(S7ip - tVip) ■ V$i + i(V<y9 - iVip) ■ Wi + ^A(<y5 -tip) = 

and 

(Vip + iVtp) ■ V$ 2 + «(V</j + iVip) ■ W 2 + - A(ip +itp)=0 
on Q, respectively. Conjugating the first equation and adding it to the second gives 

(8.5) (Vip + Wip) ■ (V($7+$ 2 ) +i{W 2 - Wi)) + A((p + iip) = 0. 
Therefore 

V • ((V</5 + iV^e 5 ^* 2 ) = -i(W 2 - Wi) • (V<p + iV^)e* T+ * 2 . 



Combining this with (8.4 1 gives 

(8.6) /gV-((V^ + iVV>)e* 7+<I,2 )dV" = 



whenever (Vy + iVtp) ■ Vg = 0. 

Choose cylindrical coordinates s, t, and r\ on K n+1 such that s = x w , t = \x'\ > 0, 
and r) = ^pi, and let z be the complex variable s + it. Then (8.6) becomes 



9 -{ch- ^^)e* 1+ * 2 (z-z)"- 1 dT/ = 
n z z ~ z 



where 

dgg = 
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on f2. Since this is the only restriction on g, we can pick any g of the form gi(z)g2(r]) 
where 

dzgi(z) = 

on Q. Therefore if represent the slices of constant 77, then 

f 1(3,- n ^)e W ^{z-z) n - 1 dzAdz = Q 
Jn v z z-z 

for a.e. ?y, whenever g[z) is holomorphic on Q n . Actually, since this holds for any 
holomorphic g on £l v , we can write that 

/ g(dz- 1 ^—^)e^+' s>2 (z-z) n - 1 dzAdz = 

JUr, Z-Z 

for a.e. 77, whenever g(z) is holomorphic on fl^. 
Now 

d{g{z)e Wl+ ^(z-z) n - 1 dz) 
= {d^- r ^^je W ^g{z){z-z) n - 1 dzhdz 



so by Stokes' theorem, 



(8.7) / g(z)e' Pl+ ^{z-z) n - 1 dz = 0. 



Lemma 8.1. // (8.7) holds for every g which is holomorphic on £lg, then there 
exists a nonvanishing holomorphic function F in Q^, continuous on Q v , such that 

F\ BCh ={z-zr- 1 e*+*'\ Ban . 

Proof. Let f = (z - z)"-^*^* 2 . Define 

/(C) 



F(z) = ±-.f 
2tt« J a 



d( 

dUr, s — z 

for all z G C\ dfl v . Then F is holomorphic on the interior and exterior of Q v , and 
(8.8) lim F{z) - lim F{z) = f(z ) 

for z € dflg. 

Now for z ^ Qfj, (( — z) _1 is a holomorphic function of ( on fl v . Therefore (8.7) 
implies that F(z) = for z Q v , and so ( |8.8[ ) means that 

lim F(z) = f(z ). 

Thus it remains only to prove that F does not vanish on Q, n , To see this, note first 
that since F is holomorphic on the number of zeroes of F enclosed by d£l n is 
given by n(F(dCl rt ), 0), where n(j,z ) represents the winding number of 7 around 
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z . Since F = f on the boundary, n(F(dfl n ),0) — n(f(dCl n ),0), and 

r dz 

Jf(da n ) z 
[ d l 

Jdfl„ f 



n(/(an„),o) 



/ d z ($1 + <f> 2 )dz + ^($1 + $ 2 )dz 

+ {n - l)(z - z)~ 1 dz - (n - 1)0 - z~ x dz 
JaQr, 

/ + $ 2 + (n - 1) log(z - ?) 



= 

by Stokes' theorem. Therefore F is nonvanishing in Q n . 



□ 



This argument works for a.e. rj, so we can develop a function F(z, rj) on f2. 
Then ^ is closed on f2, so it is exact, and therefore ^ = da for some function a 
satisfying F = e a . This defines a holomorphic logarithm of F. 

Therefore 

g(z)(log(z-z) n - 1 + $l+Q 3 )dz = f g(z)\ogFdz = 0. 
Then by Stokes' theorem, 

/ g(z)(d s (^+$ 2 )- V ^:)dzAdz = 0. 
Using (8.5), we can rewrite this as 



(8.9) / g(z){W 1 - W 2 ) ■ (e s + ie t )dz A dz = 0. 

Setting g = 1 and separating this into real and imaginary parts gives that 

/ {W x - W 2 ) ■ e s dsdt = 



and 



/ (Wi - W 2 ) ■ e t dsdt = 



separately. This holds for a.e. rj, where fl v are the intersections of fl with transla- 
tions of P — span{e s , e t }. Therefore 



(8.10) / l n (Wi- W 2 )-Zdm = 

Jv +P 

for all £ G P, where dm represents the Lebesgue measure on + P. 

Now we can vary our choice of coordinates to move the origin around in a small 
neighbourhood, and vary uj slightly, without changing the fact that E coincides 
with a graph of the form r = f(8) for smooth /. Therefore (8.101 holds for each 
plane P in a small neighbourhood of the original. Then Lemma 5.2 from [DKSU] 
gives us that dW\ = dW 2 . 
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It remains only to prove that qi — q 2 . Note that dW\ — dW 2 implies that 
Wi — W 2 + V* for some function Therefore by ( fsToh 

g(z)d?&{z, r))dz Adz = 

for a.e. 77, whenever g is holomorphic in fl^. 

By reasoning as in Lemma 8.1 there exists a holomorphic on fl n such that 
$ = $ on dft n . W is real, since Wi and W 2 are, and so iff is real on Sf^. Therefore 
the imaginary part of iff is harmonic and zero on dfl v , so it must be identically 0. 
Then the real part of "J/ (and thus iff itself) is constant. Therefore iff is constant on 
each dfl v . 

Varying uj and the origin as before, we get that iff is constant on d£l, and since 
it is only defined up to a constant anyway, we can assume that $ = on dQ. 
Therefore, up to a gauge transformation, <f = 0, so W\ — W%. Going back to (8.3), 
we now have 

(8.11) / d u (u2 — w)uidS = / (q 2 — qi)u 2 uidx + / (q 2 — qx)u r uidV. 
Jdn\u Jn Jo. 

The first and second terms on the right side are 0(1) and O(h) as before. The 
left side is now bounded by 

^= (\\e-*(qi~q2)u 2 \\n + \\e-%(qi-q 2 )u r \\ n ) = Vh{0(l) + 0(h)) = 0{h*), 



so taking the limit of (8.11 ) as h goes to zero gives 

lim / (q 2 - qi)u 2 uidV = 0. 
Jn 

Using the explicit forms of u\ and u 2 gives 

/ - qi )e^ + **gdV = 
Jn 

whenever g solves 

(Vtp + iVi;) ■ Vg = 

on tt. 

Choose coordinates s,t, and rj as before. Again we can pick any g of the form 
gi(s,t)g 2 (9) where 

{d s + id t ) gi {s,t) = o. 

on Q. Therefore if represent the slices of constant 77, then 

g 1 (s,t)(q 2 ~q 1 )e^+^-d S dt = 

for a.e. 8. If z = s + it, then we can rewrite this as 

g(z)(q 2 - q^e^+^dzAdz = 



'fie 

for a.e. whenever g(z) is holomorphic on fig. Now the equations for $1 and $2 
read 

= 

and 

^$2 = 0, 
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/ lfi(<72 - qi)dm = 

Jva+P 

for all planes P through the origin containing a vector v in a neighbourhood of e. 
Then reasoning as in [DKSU] gives q\ = q 2 on f2. 
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